New procedures are proposed to estimate the amplitude-sensitive parameters of hydraulic engine mounts that typically exhibit many nonlinearities. The estimation is based on the premise that the analyst has access to limited dynamic stiffness test data (say up to 50 Hz), and the detailed laboratory work required for the nonlinear model development would be minimized. By using an analogous mechanical model, a 3 rd /2 nd type transfer function is suggested to curve-fit the empirical dynamic stiffness data. Key parameters (such as the inertia-augmented fluid damping and decoupler gap length) are approximated and the effects of some system nonlinearities (such as the vacuum-induced asymmetric chamber compliance) are quantified, leading to a quasi-linear model. For the sake of illustration, transient predictions for a free decoupler mount are made; simulations match well with measurements. Main simplifications and limitations of the method are briefly discussed.
INTRODUCTION

MOUNT NONLINEARITIES
Hydraulic engine mounts usually exhibit the following nonlinearities in most applications: (i) upper chamber compliance C 1 (p 1 ) where p 1 is the fluid pressure, (ii) flow resistances through inertia track (R i ) and decoupler (R d ), (iii) decoupler switching action, and (iv) vacuum phenomenon in the upper chamber [1, 4] . Kim and Singh [2] first proposed experimental methods to characterize some of the nonlinearities. Their work was refined by Tiwari et al. [1] ; also, they extended the nonlinear formulation with empirically obtained functions (or curvefits) to the prediction of responses to ideal transient excitations. Yet another recent article by Geisberger et al. [3] has suggested that a detailed experiment must be constructed before the nonlinear model parameters can be adequately estimated. Such experimental approaches are necessary for research studies but they pose significant difficulties for mount manufactures and users (vehicle designers) as they may have tens or even hundreds of mount designs at their disposal and do not have the luxury of time, or even the facility, to fully characterize the parameters. What is ideally needed would be an approach that would employ limited (and off the shelf) information such as measured data in the form of dynamic stiffness spectra ( , ) K f X up to 50 Hz for certain excitation displacement amplitudes (X, mm). The development of such an approach is the focus of this article.
OBJECTIVES
In our proposed approach, we first assess the following constraints from the perspective of system user or manufacturer: (a) The mount is viewed as a black-box component with very limited information provided by the mount vendors to protect their proprietary designs; (b)
Only steady state ( , ) K f X data are available; (c) An experimental facility to conduct bench tests as suggested by researchers [1] [2] [3] [4] is not available; and (d) Time is of essence since the product design cycles are now very stringent. Accordingly we develop new procedures to quickly develop linear and quasi-linear ( , ) K f X formulations with reasonable accuracy at low frequencies (up to 50 Hz) to quantify the inertiaaugmented fluid damping R i and asymmetric (nonlinear) characteristics of C 1 . The effects of amplitudedependent parameters will also be discussed with focus on quasi-linear models. For the sake of illustration, transient step responses will be predicted in terms of transmitted force and upper chamber pressure using estimated parameters.
DYNAMIC STIFFNESS MEASUREMENTS
All mount vendors and users employ the dynamic stiffness testing procedure, corresponding to the ISO standard 10846 [6] . Commercial machines [7] are readily available though they may not be able to accommodate non-sinusoidal tests. The mount (along with the fixture) is usually placed in an elastomer test machine and a sinusoidal displacement excitation ( ) sin(2 ) x t X ft π = ⋅ with peak-to-peak (p-p) amplitude X at frequency f is applied, under a compressive preload F m to produce the mean displacement x m . The complex-valued, cross point dynamic stiffness
is measured where F T is the amplitude of force transmitted at f, ( , ) K f X is the stiffness modulus and ( , ) f X φ is the loss angle. In this procedure, a Fourier filter is used to assess response only at f though other frequencies (such as super-harmonics) may be present [1] . Thus, it is difficult to directly quantify the nature and extent of nonlinearities based on the above procedure. K f X data from discrete stiffness measurements Figure 1 shows one set of
surface interpolated using the bi-linear method with resolutions ∆f = 0.5 Hz and ∆X = 0.02 mm. It is based on discrete measurements conducted up to 50 Hz with an increment of 2.5 Hz, corresponding to X values measured at 14 values between 0.1 and 3 mm. Results are plotted in a 3-D form with horizontal axes representing f and X respectively. Thus, various operational conditions could be estimated at intermediate points interpolated from measurements. Other interpolation methods include cubic spline and bicubic surface fit, etc [8] .
MATHEMATICAL MODEL
LUMPED FLUID MODEL
The hydraulic mount is usually modeled by lumping the fluid system into several control volumes as shown in Figure 2 [4] [5] . System parameters include the top (#1) and bottom (#2) fluid chamber compliances C 1 and C 2 , elastomeric element (r) stiffness k r and viscous damping b r , inertia track inertance I i , decoupler inertance I d , fluid resistance R i , and decoupler resistance R d . We will be using both fluid system parameters (such as C 1 in pressure and volume units) and mechanical system parameters (such as k in force and displacement units). Refer to Singh et al. [5] for details. Continuity equations for the bottom and upper chambers of Figure  2 yield the following equations where q i and q d are the flow rates through the inertia track and decoupler respectively, A r is the effective piston area, and p 1 and p 2 are dynamic pressures in top and bottom chambers respectively.
Momentum equations for the decoupler and inertia track are derived as:
The thin rubber membrane that forms the lower fluid chamber (#2) has a very high compliance C 2 (or low stiffness 
. This is one of the key assumptions of our estimation method. Experimental work of Lee et al. [9] confirms that the driving and cross point dynamic stiffnesses at low frequency regime are virtually the same for most mounts.
ANALOGOUS MECHANICAL MODEL OF THE FIXED DECOUPLER MOUNT
The fixed decoupler type mount can be analyzed as a sub-set of the complete system by inserting From (1) and (2), we get:
The dynamic force at the driving point is given by
The effective governing equation for the inertia track:
Note that (4b) and (4d) are necessary conditions of (4a) and (4c) respectively so that a numerical error in terms of the mean (dc) components is introduced accordingly. However, this error is found to be trivial for sinusoidal responses.
Table1. Inertia augmented parameters of an effective mechanical model. Here A i is the effective inertia track area.
Parameter
Physical value
Effective value (in mechanical system units) Amplifi cation ratio Inertia track fluid mass
Inertia track damping
--- Table 1 shows that the effective mass and viscous damping of the fluid inside the inertia track increase proportionally to the square of the area ratio. The reason is that the velocity of the fluid inside the orifice (as well as the force) that accelerates the fluid column is amplified in proportion to the specific cross-sectional area. Therefore, the effective fluid mass of the inertia m ie is of the same order of magnitude as the engine mass m E (corresponding to the quarter car model [5] ), and the resulting hydraulic mount is highly damped when compared with a conventional rubber mount. This mechanism has been referred to as the "velocity amplifying dynamic damper" effect by Sugino et al. [10] or "inertia-augmented damping" phenomenon by Singh et al. [5] .
Assume m r = 0 over the low frequency regime and transform equations (5, 
The corresponding static stiffness is derived as ( )
. Simplify K m32 to yield the following expression:
The denominator polynomial 
SCOPE AND LIMITATIONS OF THE MECHANICAL MODEL
Rewrite the transmitted force F T expression as follows using (3e), (2a) and (3f) for the fixed decoupler (
T r r r i i r i i F t k x t b x t A I q t A Rq t F t
Thus F T has three major components: Thus, use the mechanical model defined earlier to express F T (t) as:
However, from the schematic of mechanical model of Figure 3 , the effective transmitted force F Te is found as: 
F t k x t b x t k x b x k x t b x t b x
Comparison of equations (8) and (9) clearly shows that F Te tends to under-estimate F T by neglecting the inertia force of the inertia track fluid column which is transmitted through the frame. In other words, the dynamic forces (inertia and damping forces) caused by the pressure difference (p 1 −p 2 ) are directly transmitted to the vehicle frame in the fluid model, but only the damping force is transmitted to the fixed base in the mechanical model. Nonetheless, the simplified method can still be used by approximating the driving point dynamic stiffness of the mechanical model as the cross point dynamic stiffness of the fluid model over the low frequency regime. This would allow us to estimate parameters from the K m32 transfer function.
ESTIMATION OF AMPLITUDE-DEPENDENT PARAMETERS
FIXED DECOUPLER MOUNT
Using the curve-fitted ( , )
K f X over the low frequency range (such as Figure 1 ), a continuous transfer function (in the s domain) is estimated in the 3 rd /2 nd order form. 
Comparison of equations (7b) and (10) 
Here ε is a device-specific adjustment ratio (around 1) which could be used to tune 0 δ for best possible curvefit results. For instance, the value of ε for mount D (Table 2 ) is found to be around 1.16. Effective parameters are estimated from measured data for the fixed decoupler mount under varying X. Amplitudedependent results are listed in Table 2 and compared with nominal values (in mechanical system units). Table 2 , k rm is the measured value for the rubber element obtained by draining the fluid out of the hydraulic mount. Since both k rm and b r vary slightly with f, the measured rubber mount data are averaged over the low frequency regime. Observe the following interesting results from Table 2 : First, both k rm and k r decrease with an increase in X from 0.3 mm to 3 mm, implying a softening effect in the rubber element under increased amplitude. For a specific X, the value of k r is approximately 14% higher that that of k rm . This can be explained in terms of the additional stiffness that is introduced by the fluid under an increased static pressure. Therefore, the value of k r should be regarded as an upper boundary of k rm .
Second, the estimated b r value decreases slightly with an increase in X even though the measured rubber damping values are almost independent of X. The nominal value can thus be regarded as an averaged value with a ±30% error bound.
Third, estimated m ie values are consistent with each other. As predicted by the mechanical model, m ie is around 46 kg, which is about 1/3 or 1/4 of the engine mass (for a quarter car model) depending on the mounting system. This value is, however, 50% larger than the calculated nominal value. Recall that the inertia track is modeled in our formulation as a straight pipe without any end corrections [4] ; thus the effective value elongates the geometric length by up to 33% [11] . Therefore, it is implied that some turbulence takes place within the inertia track [11] .
Fourth, similar to the m ie value, the estimated fluid damping b ie is nearly independent of X though it overestimates the measured result by roughly 23%. Since m ie , b ie and k 1 are proportional to the coefficients of the characteristic equation, this error is partially introduced by an over-estimation of m ie . This result also quantifies the inertia augmented damping, and thus b ie is 6 to 10 times more significant than the pure rubber damping b r .
Finally, many hydraulic mount formulations [3, 10, 13] assume that the amplitude-dependent dynamic stiffness is due to the decoupler action. This assumption implies that the dynamic properties of a fixed decoupler mount will be insensitive to X. However, such is not found in the measured data of Figure 1 . Amplitude dependency is illustrated in Table 2 by the estimated k 1 , and its value at X = 0.3 mm is nearly three times as the value obtained at X = 3 mm. This difference could be explained by the vacuum phenomenon [1, 2] , which is associated with the release of pre-dissolved gas in the fluid during the expansion process. It introduces an additional compliance to the upper chamber. Also, vacuum is more dominant at higher X, resulting in a more significant decrease in the estimated k 1 value. A bi-linear C 1 (p 1 ) model was suggested by Kim and Singh [2] and then Tiwari et al. [1, 4] and the 1 1 / V p ∆ ∆ relationship was measured from a bench experiment. As a simplification in our work, a quasi-linear model is proposed where k 1 is modeled as an empirical function of X based on the estimated effective parameters. Then, the following nonlinear model is utilized to describe the frequencysensitive and amplitude-dependent dynamic stiffness of a fixed decoupler mount. For the sake of simplicity, all parameters are assumed to be constants other than the k 1 (X) function, which could be interpolated by varying X in a continuous manner. subject to an excitation with higher X, the decoupler remains closed most of the time and the resonance induced by inertia track typically dominates over the low frequency regime. Consequently the governing system should dynamically behave similar to a fixed decoupler mount at lower f. Thus the fixed decoupler mount algorithm could be used to reasonably curve-fit ( , ) K f X spectra at lower f, provided the estimated parameters are viewed as a consequence of the linearization of all non-linear phenomena including the decoupler switching mechanism, vacuum effect and turbulence. Figure 5 shows sample results for a free decoupler mount where the predicted stiffness spectra correlate well with measurements for Results are summarized in Table 3 , where the estimated parameters for 1.5 X ≥ mm are found to be consistent with each other. Abrupt changes are observed in Table 3 From the results of Table 3 , it is inferred that When X is 1.5 mm or higher, the estimated k r , b r and m ie vary slightly with X and their values are comparable to those of the fixed decoupler mount. Nevertheless, the estimated b ie is higher than the value found for a fixed decoupler by roughly 30%. This strongly suggests that the decoupler switching mechanism introduces additional damping to the inertia augmented fluid damping. Further, the effective k 1 varies with X, which could also be explained by the vacuum effects [1, 2] . This variation, however, is not as significant as the one observed for the fixed decoupler mount. This implies that the decoupler switching mechanism alleviates the softening effect introduced by the vacuum formation (during the expansion process).
VOIGHT VISCO-ELASTIC MODEL PARAMETERS OF THE DECOUPLED MOUNT
For a free decoupler mount, when X is small enough so that the decoupler stays open, the fluid flows essentially through the decoupler gap and the inertia track is completely "decoupled". In this case, the rubber stiffness and damping tend to dictate dynamic properties. The magnitude spectrum of ( , ) K f X is relatively flat since the inertia track resonance over the low frequency regime is absent. The Voight visco-elastic model is used to curve-fit the ( , ) K f X data typically up to 50 Hz in terms of effective spring (k v ) and damper (b v ) that are in parallel as shown in Figure 6 . weakly depend on f and X. Using the measured ( , ) K f X data, mount parameters are estimated in Table 4 corresponding to 1.0 X < mm. Alternately, we can curve fit any measured ( , )
K f X spectra simply by assuming the Voight model but this may not provide any physical interpretation. Table 4 . Estimated parameters of a free decoupler mount using the Voight visco-elastic model. 
COMPARISON WITH OTHER ESTIMATION SCHEMES
A brief discussion of prior estimation methods based on measured ( , ) K f X is as follows. Jeong and Singh [12] utilized the measured ( , ) K f X data to develop a mount model by employing a nonlinear synthesis method. This resulted in a nonlinear time domain model that was based on a linear model with frequency-dependent parameters. Several empirical functions were defined to characterize the amplitude-dependent properties. However, the coefficients of the dynamic transfer function were numerical values without clearly defined physical significance. Also, such values are obtained by observing the effects of parametric variations on the dynamic stiffness. In our work, we overcome these limitations by determining and utilizing effective mechanical parameters (such as k 1 ) that can be directly related to the system working principles (such as the vacuum phenomenon) and mount design concepts. Tsujiuchi et al. [13] estimated the compliances of C 1 and C 2 by using the measured dynamic characteristics. However, they assumed that the inertia track dimensions are known at the design stage; also, they did not consider the decoupler-induced resonance or damping.
STEP RESPONSES BASED ON MECHANICAL MODEL
DERIVATION OF TRANSFER FUNCTION P 1 /X
In order to examine the vacuum effect in the upper chamber, it is desirable to derive the pressure step response p 1S (t) and compare it with measurements. A two-stage strategy is applied here. First, the effective parameters are estimated from the curve-fitted K 32 model as listed in Tables 2 and 3 . Second, by assuming 
It is seen that a constant term is not present in the numerator polynomial so that the static term of (14) is 0 at ω = 0 due to the assumption C 2 = ∞ or 1/C 2 = 0. Note that A r could be provided by manufacturer or estimated from the cross-section area of the mount and all other parameters are estimated from measured ( , ) K f X data.
TRANSIENT RESPONSES GIVEN STEP INPUT
The quasi-linear model corresponding to equations (12) and (14) is now used to predict the transient responses.
A step-like displacement excitation ( Figure 8 ) is experimentally (and numerically in models) applied to both fixed and free decoupler mounts by releasing the compressive preload from -3.7 mm to -1.32 mm. Here the positive x direction is upward (and negative downward) since that was the convention adopted in the experimental setup [1] . Expressions for F T (t) and p 1 (t) are numerically simulated using the Runge-Kutta 4-5 th order algorithm, based on the K 32 and P 1 /X transfer functions and given the steplike excitation of Figure 8 . Further, analytical solutions can also be derived in terms of the estimated parameters. (Such details will be given in a future article [14] ). Fig. 10 Step responses for a free decoupler mount. Key: --Measurement given excitation of Fig. 8 , -⋅-⋅ Numerical simulation based on quasi-linear model (with X = 2 mm and given excitation of Fig. 8 ), ---Analytical solution assuming an ideal step input [14] .
Due to a finite rise time of the realistic step-like input, slight discrepancies between models and measurements are observed during the initial stages. During the subsequent transient responses, numerical and analytical predictions match well. A flat region in measured curve is, however, found around the first overshoot which may be explained by the vacuum nonlinearity. Best predictions for the quasi-linear model are obtained when the parameters estimated with X = 1.5 and 2 mm for fixed and free decoupler mounts respectively are employed. These values are comparable to the step rise amplitude of 2.38 mm in Figure 8 .
Observe that the pressure oscillations in a free decoupler mount (Figure 10 ) decay faster than in a fixed decoupler mount ( Figure 9 ). It is explained by the additional damped that is introduced by the decoupler switching mechanism as shown in Tables 2 and 3 . This effect is even more dominant when the amplitude of oscillations has decayed to a sufficiently small value to allow the decoupler orifice to remain open for the rest of transient response (t > 0.19 sec in Figure 10 ). Consequently, the "decoupled" state is dominant which would attenuate the transients almost immediately. This shows that the decoupler switching mechanism is highly efficient in controlling the excitation with smaller amplitudes (X).
In Figure 10 , two small "ripples" are observed in measured data, at t = 0.14 and 0.19 s, unlike the smooth responses predicted by the quasi-linear model. Both ripples correspond to quick transitions of the decoupler (from one edge to the other) due to a rapid change in the flow direction. During a short period, the inertia track is decoupled from the system and fluid flows mainly through the decoupler gap that equalizes p 1 (t) and p 2 (t). Since C 2 is very compliant such that 0 2 ≈ p , p 1 (t) is almost zero in the "decoupled" state. A true nonlinear, time domain model, such as the one suggested by Adiguna et al. [4] and previously Kim & Singh [2] , would be required to precisely capture this type of switching transients. Nevertheless, the proposed quasi-linear model predicts the overall tendency of the free decoupler mount well.
The proposed numerical and analytical models can be easily utilized for parametric or sensitivity studies. The bulge (upper chamber) stiffness k 1 and inertia track damping b ie are observed to dictate the overshoot and decaying rate, respectively, of the transient responses [14] .
CONCLUSION
Chief contribution of this study is to propose new estimation procedures that employ measured sinusoidal dynamic stiffness data of fixed and free decoupler mounts over the low frequency regime to characterize amplitude and frequency dependent parameters. Compared with the previously reported laboratory experiments [1] [2] [3] [4] , our estimation method requires minimal experimental effort and can be efficiently implemented by mount manufacturers or vehicle designers to quickly develop quasi-linear models and then predict transient responses with reasonable accuracy. The main limitation of the proposed method is that the predicted responses are based on the linearized approximations around operating points and as such all nonlinearities are characterized by operation-dependent parameters. Consequently, the estimated model may not truly capture significant transitions in time domain, and it should not be viewed as a "true" non-linear model. Nonetheless, better prediction would require an improved nonlinear 1 1 ( ) C p model that should incorporate the multi-staged stiffness characteristics [14] . Based on the material presented in this article, an interactive software has been developed by the authors that can be used to characterize and examine practical mounts. Finally, it is desirable to incorporate the quasi-linear and nonlinear formulations into large scale finite element or multi-body dynamic models of vehicles for system response or component allocation studies.
